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Abstract

The evolution of fracture strength with increasing density in ceramics, using alumina as a model system, is discussed in terms of
the interplay between a defect serving as stress concentrator, a crack lying in its enhanced stress ®eld and the fracture toughness of
the porous ceramic. Introduction of crack-free fracture-causing arti®cial pores of various sizes allows detailed measurement of their

shrinkage with ongoing densi®cation, while fractography describes the location and type of fracture initiation. A fracture mechanics
model, describing growth of a semicircular crack emanating from the pore until instability, yields good agreement with experiment.
In particular, the result that the radius of the arti®cial, spherical defect in a size regime between 25 and 120 mm has only a small

in¯uence on fracture strength for samples with an average grain size smaller than 1mm, can be explained. # 2000 Elsevier Science
Ltd. All rights reserved.
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1. Introduction

In order to increase the strength and reliability of
ceramics, it is necessary to understand how strength
evolves during fabrication. In this context, fracture
strength can be described as arising from an interplay
between the size of the largest defect (worst case) and
the fracture toughness of the material (average proper-
ty).1ÿ3 Simple analytical descriptions result if the largest
porous defect is itself viewed as serving as a crack.1ÿ3

Mechanical descriptions which are most physically
accurate view a failure causing defect as a combination
of stress concentrator (e.g. a large pore) and sharp
crack,4ÿ7 but require more elaborate numerical treatment.
Thus, in order to gain a better understanding of how

processing parameters in¯uence the strength of ceramics
it is critical to combine the evolution of the extreme

microstructural features (¯aws) with average micro-
structural features. For cases, where fracture initiates
around large pores,8 thermodynamic stability and
kinetic evolution during densi®cation must be con-
sidered. Thermodynamics dictates that there exists an
equilibrium pore size determined by grain size, the sur-
rounding grain con®guration and dihedral angle, as well
as applied stress, where pores neither shrink nor
grow.9,10 Kinetic limitations, however, might prevail for
other conditions. Therefore, shrinkage of large pores
has only been observed for hot isostatic pressing of
microstructures exhibiting su�cient plastic deform-
ability.10,11 Shrinkage of isolated pores in dense materi-
als subject to hydrostatic pressure has been modeled by
Evans and Hsueh.12 Without application of an external
pressure, shrinkage of large pores had only been deter-
mined in one instance, where pores of a starting radius
of 50 mm shrank to about 42 mm.13

Recent considerations of the fracture toughness of
porous ceramics have utilized a correlation between
fracture toughness and elastic modulus.1ÿ3 The depen-
dence of elastic modulus on density has been studied in
detail and can be described with either a linear depen-
dence1,14 or a slightly non-linear function suggested by
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Phani and Niyogi.2,3,15 Both relationships provide
acceptable data ®ts, except for the very early stage of
sintering, where neck growth leads to an increase in
elastic modulus with little densi®cation.16

Prior studies have determined that the R-curve in
alumina leads to small closure stresses17 which are inef-
fective in raising the fracture strength.6,18 Appropriate
values of the crack tip toughness, Ko, are therefore
required to determine crack instability for ¯aws growing
around large pores.19

This study is designed to extend the micromechanical
description of failure from pores, which was developed
to rationalize the fracture strength of ceramics as a
function of grain size6,7 to encompass fracture strength
as a function of density. It complements prior studies on
fracture of alumina as a function of porosity,1ÿ3 since a
small volume fraction of arti®cial, spherical pores is
now distributed in a porous alumina specimen. The
evolution of these large, arti®cial pores during densi®-
cation is measured directly and the fracture origin is
determined in every single specimen. Evolution of pore
sizes and crack tip toughness as a function of density is
then combined with a computation of the stress inten-
sity factor of semicircular cracks around spherical pores
to obtain the condition of crack instability.

2. Experimental procedure

A very ®ne, high purity Al2O3 powder (Taimai DAR,
Taimei Chemicals, Tokyo, Japan) was used for the bulk
of this investigation. Billets for mechanical test speci-
mens were slip cast from an electrostatically dispersed
suspension (pH 3.7, 40 vol.% solids) with 2 wt.% Car-
bowaxTM 8000 binder. In order to produce samples with
arti®cial ¯aws, very low volume fractions (0.1 vol.%) of
uniform polystyrene spheres [nominal radii of 25, 50, 80
and 120 mm �1% (Duke Scienti®c Corporation, Palo
Alto, CA)] were introduced into the suspension (the
spheres burn out during subsequent heat treatment
leaving behind well de®ned spherical pores). After mix-
ing and ultrasonication the suspension was coagulated
by the addition of NH4Cl

20 to minimize the segregation
of spheres due to buoyant forces. After casting and
drying, green density was measured geometrically and
the billets sintered at 1050±1350�C for 0.5 h to produce
samples with relative densities varying between 0.60 and
0.99. A smaller, comparative study was performed with
a coarser powder (CT 2000, Alcoa Chemie GmbH,
Ludwigshafen) where fracture strength was measured at
three densities lying between 63 and 85% with samples
both manufactured with and without arti®cial pores of
a starting radius of 50 mm.
Six to 10 mechanical test specimens (25�3�4 mm3)

were cut from the sintered billets, and then ground,
chamfered and polished by standard diamond ®nishing

techniques (®nal size of diamond grains=1 mm). After
®nal polishing, density was determined by the Archi-
medes method. Grain growth was measured by quanti-
tative microscopy on sintered samples. At low densities
it was not possible to polish and thermally etch surfaces
suitable for grain size measurement, therefore grain size
was estimated from fracture surfaces. The elastic mod-
ulus was measured using a sonic resonance technique,
according to ASTM C 1198. Fracture strength was
measured in fully articulated, four-point bending. After
failure, the fracture surfaces were examined by stereo
and scanning electron microscopy for failure origin,
defect type, defect size and position relative to the ten-
sile surface.

3. Results

The relative green densities achieved were 60% using
the Taimei powder and 55% using the CT2000 powder.
Typical microstructures at 0.60 and 0.995 relative den-
sity for samples made from Taimei powder are shown in
Fig. 1. From this ®gure it is evident that a very high
density material with small, uniform equiaxed grain size
can be produced at low sintering temperatures (1350�C).
The measured grain sizes increase from 0.25 to 0.60 mm
during densi®cation and are provided in Table 1.
During sintering, the polymer spheres burned out

leaving spherical pores. Fig. 2 shows the measured size
of the arti®cial defect as a function of density for four
starting pore sizes. The theoretical predictions are
included as full lines and derived in the discussion sec-
tion.
Young's modulus as a function of density is shown in

Fig. 3, including a ®t for a slightly modi®ed Phani
equation.15 During initial stage sintering Young's mod-
ulus increases without signi®cant densi®cation.16 Since
the Phani equation neglects this initial, steep increase of
Young's modulus from zero to 40 GPa (Fig. 3), poros-
ity, P, was not normalized to green density, but to a
second ®tting parameter, P1. P1 was found to be 45%,
only slightly higher than the measured value for poros-
ity of the green body of 40% for the Taimei powder.
The exponent n was ®tted to be 1.15. In Eq. (1), E(P) is
the porosity dependent modulus and E100 is the mod-
ulus for a fully dense sample (400 MPa).

E P� � � E100 1ÿ P

P1

� �n

�1�

Fig. 4 shows the fracture strength as a function of
density for all the specimens with and without arti®cial
¯aws. Theoretical predictions are also shown and are
detailed in Section 4. The average strength of fully dense
specimens without arti®cial defects was over 550 MPa.
When the strength limiting ¯aw was an arti®cial defect
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positioned below the tensile surface (volume defect), the
failure stress was corrected to re¯ect the stress experi-
enced by the defect by scaling with the distance from the
neutral axis. Not all specimens containing arti®cial
pores failed from these, some also failed from natural
defects. This again was dependent on size of pores and
is detailed in Table 2. While 15, 22 and six data points
are available for fracture from pore sizes of 25, 50 and
80 mm, only one data point (520 MPa at 99.8%) is
available for pore size of 120 mm. The latter samples
were di�cult to produce due to cracking during drying
and sintering. Fig. 4 clearly demonstrates that within
statistical scatter of data, there is no noticeable e�ect of
pore size on strength. In Fig. 4 for the data set on failure
from arti®cial pores, only those samples that failed from

a single pore are included. This point is further dis-
cussed in Section 4. Further, there is only a small dif-
ference of strength between arti®cial and natural
defects. Finally, the more limited study on specimens
prepared from a more coarse, less sinterable, but inex-
pensive powder yielded comparable results. In this case,
the strength values were slightly below the values for the
Taimei powder and the strength values for specimen
with arti®cial defects were slightly, but consistently
lower than for the specimen without arti®cial pores.
Fracture surface examination of modulus of rupture

(MOR) samples without arti®cial ¯aws revealed that the
samples predominantly failed from unidenti®ed surface
¯aws, most likely polishing damage. No gross defects,
such as agglomerates, or large pores, were found. Frac-
tography of MOR specimens containing the spherical
pores con®rmed that the pores can act as strength lim-
iting defects as shown in Fig. 5. The position of the
strength limiting ¯aw was characterized with respect to
the tensile surface of the test beam as a surface defect or
volume defect and is included in Table 2. Fractography
shows failure from arti®cially introduced pores with

Table 1

Grain size as a function of density for samples made from Taimai

powder

Density (% Theo.) 63 72 76 85 99

Grain size in mm 0.25 0.26 0.32 0.38 0.60

Fig. 1. Comparison of alumina microstructures for two di�erent den-

sities �: (a) �=60%; (b) �=99.5%.

Fig. 2. Shrinkage of large, arti®cial pores as a function of density for

Ro=25, 50, 80 and 120 mm.

Fig. 3. Evolution of Young's modulus with increase in density, also

included is full line according to Eq. (1).
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radii from 25 to 120 mm (Fig. 5). Close examination of
the fracture surrounding the arti®cial pores did not
reveal any signs of cracking that occurred prior to or
during sintering. At low densities (less than 85%) the
fracture was predominantly intergranular. As density
increased the fraction of transgranular fracture increased.
Fracture tails were seen emanating from the bottom half
of several arti®cial defects as shown in Fig. 6.

4. Discussion

The procedure of incorporating polymer spheres into
a ceramic slip allowed production of porous specimens
containing arti®cial crack-free pores. Fracture strengths
in excess of 500 MPa are thereby achievable even with
ceramics containing pores of 120 mm radius. Inclusion
of polymer spheres into a ceramic slip appears to be a
better technique than mixing the polymer spheres with
ceramic powders and cold compacting since this may
lead to cracking around the pores due to elastic spring
back. It is therefore not surprising that an earlier study
on Si3N4 containing arti®cial defects of 20 to 90 mm

radius exhibited fracture strength values not exceeding
200 MPa.21 The size of our pores was found to scale in a
linear manner with the macroscopic shrinkage. This
®nding is in contrast with prior theoretical predictions
where pores with size considerably larger than the grain
size were predicted to grow during sintering.9,10 It is
suggested that the arti®cially introduced pores are of a
size that their shrinkage or growth due to di�usional
processes is kinetically negligible. Instead, the observed
size change is related to a required compatibility of
microscopic and macroscopic strain ®elds. Using true
strains, the size of a large pore, R, at density �, is then
related to the starting pore size, R0, at starting density
�0 by Eq. (2) where V denotes the volume.

�R
Ro

dR

R
� 1

3

�V
Vo

dV

V
� ÿ 1

3

��
�o

d�

�o
�2a�

ln
R

Ro
� ÿ 1

3
ln
�

�o
�2b�

R � Ro
�o

�

� �1=3
" #

�2c�

Eq. (2) is a slight modi®cation to a relation sug-
gested13 and utilized before,2 where engineering strain
instead of true strains were considered. Shrinkage of
large pores due to compatibility with the external strain
®eld had been suggested before by Lam et al.1 Their
theoretical prediction for pore shrinkage, however,
assumed that all pores disappear at the theoretical den-
sity, which in consequence lead to an extremely high
strength at full density. As can be seen from Fig. 2, Eq.
(2c) provides an excellent ®t for the observed shrinkage
of pores of all four di�erent sizes employed.
The average properties of the material are as pre-

dicted. The elastic modulus, which should scale with the
solid contact area between the grains, was well modeled
by the modi®ed Phani equation [Eq. (1)] with an expo-
nent n of 1.15 as was used in a earlier study.2 It should
be pointed out, that Eq. (1) is merely phenomenological,
but attractive for simplicity. Fundamental derivations
of the contact area22 via calculation of the equilibrium
pore surface area are available for intermediate stage
and ®nal stage sintering, but lead to rather complicated
numerical ®ts to the data. The crack tip fracture tough-
ness, Ko, is also dependent on the contact area between
sintering particles1ÿ3 and scales with the elastic mod-
ulus, according to

Ko P� � � Ko;100

E100
E P� � � Ko;100 1ÿ P

P1

� �n

�3�

Fig. 4. Fracture strength as a function of density for arti®cial pores of

various sizes as well as natural defects. Included are theoretical pre-

dictions of strength for specimens containing 50 mm (full line) and 25

mm (dashed line) initial pores with crack lengths, c, at instability being

2.5, 5 and 10 mm.

Table 2

Critical ¯aw position and frequency for various arti®cial pore sizes

Initial

pore radius

(mm)

Number of failures

from arti®cial

pores/number of

specimen tested

Number of

surface pores

Number of

volume pores

25 15/25 0 15

50 22/50 15 7

80 6/30 4 2

120 1/20 0 1
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where Ko,100 is the crack tip fracture toughness of the
fully dense samples. Experimental evidence for the pro-
portionality between Young's modulus and crack tip
toughness is provided in Fig. (7). The data in Fig. 7
refer to porous alumina fabricated from the Alcoa
powder CT 2000. Crack tip toughness in Fig. 7 was
determined from the crack opening displacement 2u(x)
of radial cracks around Vickers indents (load=10 kg).23

The crack tip toughness is ®tted to a parabolic crack
pro®le according to Barenblatt24 by a least-squares ®t.

2u x� � � Ko

E0

������
8x

�

r
�4�

E0=E/(1ÿn2) in Eq. (4) with Poisson's ratio n denot-
ing the elastic modulus for plane strain. Only the crack
opening displacement 2u for a distance x <60 mm from
the crack tip is used for the evaluation of the crack tip
toughness. Data for densities >75% show a close rela-
tion between Young's modulus and crack tip toughness
(Fig. 7). Below 75% density, the crack system around
the Vickers indents is imperfect, and the crack tip
toughness data are less reliable. Previous studies have
determined Ko,100 in Eq. (3) to be 2.3 MPam1/2 on sam-

ples produced on the same powder with similar proces-
sing.19 A contribution by crack bridging in the case of
alumina where only small closure stresses pertain17 is
not required for unstable extension of cracks growing
around large pores,6,18 but only for long crack fracture
toughness. SEPB fracture toughness data for porous
alumina3,23 exhibit a similar porosity dependence as
provided by Eq. (3), which can be rationalized by the
fact, that the number of crack bridges depends on the
number of grain contacts (Fig. 7).
Failure in specimens containing arti®cial defects may

also initiate from natural defects. This can become
dominant for samples in which large arti®cial pores
were used since the number density for large pores is
reduced drastically with increasing size. The number of
pores for the largest size (radius=120 mm) drops to four
for the volume in the bend bar seeing at least 50% of the
maximum tensile stress (Table 3). Conversely, the num-
ber density for the smallest pore size in that volume is
458, which in some cases was observed to lead to crack
initiation from a cluster of two pores with their atten-
dant interfering stress ®elds. The necessity to unequi-
vocally establish the fracture origin in every sample is
therefore apparent. Data points marked as failure from

Fig. 5. Fractographic evidence that failure occurs around large arti®cial defects with starting pore size in green compact: (a) Ro=25 mm; (b) Ro= 50

mm; (c) Ro=120 mm. Note: fractographs are of dense samples at approximately the same magni®cation for comparison.
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arti®cial pores were taken therefore only in cases where
the fracture origin was identi®ed as one single pore.
Even for well de®ned spherical pores with the mea-

sured fracture stress obtained at the equator of that
pore, a wide distribution of fracture strength is obtained
for each pore size. A large scatter of data was also
obtained in a related study in Si3N4.

21 This may be
rationalized in searching for the worst case scenario to
obtain the fatal ¯aw in a bend specimen. Since this is a
statistical e�ect, a large number of small pores may lead
to lower strength than a small number of large pores
(like in the case of a constant volume of arti®cial pores).
The critical ¯aw should appear at a position where the
stress ®eld around an arti®cial pore is augmented by the
stress ®eld of a natural defect. This is altered by the
residual stress distribution due to thermal expansion
mismatch at a position where the grain sizes of the
ceramic are large and the local fracture toughness is
minimal. It may seem surprising, however, that the size
of the largest defect has only a negligible, actually not
quanti®able in¯uence on the strength of the material.
An explanation for this behavior is only a�orded when
more detailed fracture mechanics is considered that goes
beyond equating the size of the arti®cial pore and the
size of the failure-causing crack. We therefore note from
fractographic observation (Fig. 6) and a prior study on
fracture from arti®cial defects in dense specimens,6 that
the most likely scenario for an unstable crack con®g-
uration is one of a semicircular crack around a spherical
(or semispherical) pore (Fig. 8). Therefore, the fracture
mechanical treatment as outlined by Zimmermann et
al.6 is directly applicable, except that the fracture
toughness and spherical pore size are density dependent.
The actual procedure is only outlined here and the
interested reader referred to the equations explained in
detail in Ref. 6.
Assessment of the stress intensity factors is divided

into two parts.6 First, the stress distribution of the
uncracked con®guration is derived by means of elasti-
city theory. In a second step, the elastic stress distribu-
tion is integrated over the respective crack area utilizing
the weight function approach. In doing so, a surface
correction term for the presence of the pore surface has
to be included. In order to determine crack instability,
the local stress intensity factor is averaged over a virtual
incremental crack surface (Fig. 8), where the assump-

Fig. 6. Fracture tails emanating from bottom of arti®cial defects: (a)

Ro= 50 mm, �= 99.9%; (b) Ro= 50 mm, �= 72.2%.

Fig. 7. Normalized Young's modulus (diamonds), crack tip toughness

(circles) and SEPB fracture toughness (triangles) for porous alumina

(Alcoa powder CT 2000) according to Knechtel.23

Table 3

Number of pores (0.1 vol.%) within highly stressed (tensile) volume

Pore radius (mm) Number of pores

25.0 458

50.0 57

80.0 14

120.0 4
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tion has to be made that the semicircular crack grows
predominantly along the pore surface where the tensile
stresses are maximized. This leads to an averaged stress
intensity factor, which at equilibrium is equal to the
fracture toughness of the porous ceramic, given by Eq.
(3). Depending on the actual size of the semicircular
crack, which evolves upon mechanical loading, a range
of fracture stresses is obtained. As the size of this semi-
circular crack at instability is not known a priori, the
computation was performed for three di�erent crack
lengths for two di�erent starting pore sizes, e.g. 25 and
50 mm diameter. The size of the semicircular crack, c,
was assumed to be 2.5, 5, and 10 mm.
The results of our prediction for the strength of the

specimen with 50 mm pore radius (full line) and 25 mm
pore radius (dashed line) are included in Fig. 4. The
range of fracture strength data is well covered by both
envelopes provided by the assumed smallest (2.5 mm)
and largest (10 mm) semicircular cracks around the arti-
®cial pore. Furthermore, the size of the arti®cial pore
has only a small in¯uence on the strength of the speci-
men. Note that the e�ect of pore size is less for smaller
crack sizes (calculations that predict higher strength).
This is rationalized by the fact that the stress con-
centration just outside the pore surface is independent
of pore size. For specimen with small grain size, where

the crack grows only a small distance away from the
pore surface before it reaches instability (higher strength
specimen), the stress ®eld changes only little along the
crack surface and is therefore only to a small degree
in¯uenced by pore size.25 If the grain size is kept con-
stant, while the pore size decreases, an increasing in¯u-
ence of pore size on strength is observed.25 Nevertheless,
the role of large pores can not be neglected even for
alumina with a small ratio of grain size to pore size,
since fracture unequivocally originates from large pores
(Figs. 5 and 6). If a single theoretical prediction is
sought, the crack size, c, of 5 mm around both the 25
and 50 mm pores gives the best agreement with experi-
mental data. This crack size may be compared to the
size of the semicircular crack in a dense alumina for a
similar grain size6 (0.8 mm) of 4 mm. Both crack sizes are
therefore very similar. Our experimental strength data
and theoretical modeling for alumina as a function of
density therefore is consistent with our work on the in¯u-
ence of grain size on fracture strength in this material.

5. Conclusions

1. The size of the largest porous defect evolves in an
almost linear fashion governed by macroscopic
shrinkage.

2. The crack tip toughness scales with the elastic
modulus and their density dependence is well
described by established phenomenological rela-
tions.

3. Large, arti®cial pores serve as fracture origins in
porous alumina.

4. The size of large arti®cial pores has only a negli-
gible in¯uence on the strength of ceramics provided
pore size is large compared to microstructural
features. This is re¯ected by the model, since the
critical applied stress for a semicircular crack with
length c=5 mm decreases only by 7%, if the radius
of the attached pore increases from R=25 mm to
R=50 mm (Fig. 4).
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